(1) ry = £ *iP« (j = 1, 2, • • • ),
where P.y is the probability that, if there are i individuals in one generation, there are j in the next. He has also shown that, if {tj} is any non-negative solution of (1), the generating function 00 (2) t(s) = £ wfiß 3-1 exists in |s| < q (where q is the probability of extinction), and that, if {tj} is normalised so that (3) *(po) = 1, then tt(s) satisfies Abel's functional equation
Conversely, if a solution ir(s) of (4) admits a power-series expansion (2) with non-negative coefficients, then the it,-form a stationary measure.
Harris has conjectured that the stationary measure for any Galton-Watson process is unique up to a constant multiplicative factor, or, equivalently, that there is exactly one stationary measure satisfying (3). The purpose of this note is to provide a counterexample to this conjecture.
' '. Let co be any entire function, not identically zero, which has period 1, and satisfies co(0) = 0. It follows from a well-known property of the equation (4) Thus, when f(s) is given by (7), the stationary measure is not unique (even up to constant multiples). In fact, we can say more than this. Since, for any integer k, an admissible choice of o>(s) is sin(2wks), it follows that the convex cone of stationary measures is infinitedimensional.
A similar result can be proved for any generating function f(s) of the "fractional linear" type in which the mean family size m is not equal to 1. This is in contrast to the case m = 1, for which it is proved in [l] that the (normalised) stationary measure is unique.
I am grateful to Dr. T. E. Harris for allowing me to see parts of [l ] prior to publication.
